Two-dimensional fronts and coarsening dynamics with a t 1=2 power law are analyzed experimentally and theoretically in a nonlinear optical system of a sodium vapor cell with single-mirror feedback. Modifications of the t 1=2 power law are observed in the vicinity of a modulational instability leading to the formation of spatial solitons of different sizes. The experimental and numerical observations give direct evidence for the locking of fronts as the mechanism of soliton formation. A phenomenological equation for the dynamics of the domain radius explains the observed behavior.
The nucleation problem in systems with two equivalent or nearly equivalent phases has attracted a lot of attention in equilibrium and, more recently, nonequilibrium physics (see, e.g., [1] ). Much of the interest in this problem is related to the formation of self-organized localized states (dissipative solitons). In two or more spatial dimensions the dynamics of a nucleation bubble is governed by curvature effects and possibly a ''pressure force'' if the two states are not exactly equivalent. In systems with a nonconserved order parameter, the resulting coarsening dynamics was shown experimentally and theoretically to follow a t 1=2 power law due to curvature-driven dynamics [2 -4] .
Nonequilibrium nonlinear optical systems are characterized by diffractive spatial coupling and typically a strong nonvariational character [5] [6] [7] [8] [9] . Although-contrary to first reports [8, 9] -nonlinear optical systems should also present an asymptotic t 1=2 power law [3] , there has been, so far, no experimental demonstration of this scaling.
Experimental investigations of moving fronts in optics are rare [10 -12] and quantitative investigations of front dynamics are often confined to quasi-1D configurations [12] . We address two-dimensional front dynamics experimentally in a nonlinear feedback system. We demonstrate the t 1=2 growth law for coarsening dynamics between two equivalent homogeneous states as well as its modifications due to an imperfect pitchfork bifurcation and to incipient modulational instabilities of the background. Spatial soliton formation due to locking of the fronts [1, 6, 13, 14] in the vicinity of a pitchfork bifurcation is also observed. The interplay between front dynamics, soliton formation, and background modulational instability is demonstrated via a phenomenological eikonal equation capable of reproducing the experimental scenario. In particular, below the threshold for the occurrence of solitons, we demonstrate a slowing down of the dynamics at precursors of the solitonic states. These are the localized analogue of pattern precursors in dissipative systems [15, 16] .
The experiment is based on the well-known singlemirror feedback scheme [17] (Fig. 1) . A linearly polarized collimated laser beam is injected into a heated cell containing sodium vapor as nonlinear medium. The light field transmitted by the medium propagates towards a plane mirror at a distance d and is then fed back into the medium. As a modification of the standard scheme, a =8 retardation plate is placed in the feedback loop to induce a partial exchange between the circularly polarized components of the light field [10, 18] . The nonlinear optical properties of the vapor are provided by optical pumping of the D 1 transition (see [19] the light field produces a population difference between the Zeeman substates of the ground state, an orientation, which determines its optical properties. This system exhibits a symmetry-breaking bifurcation leading to two homogeneous states of the orientation when the slow axis of the retardation plate is aligned with the input polarization [10, 18] . These states differ in the sign of both the orientation and the polarization rotation angle of the light field transmitted by the vapor. If the retardation plate is rotated by a small angle with respect to the input polarization, a perturbed pitchfork bifurcation is observed [10, 18] . Since pattern formation and solitons occur at much higher input powers [10, 14] , there is a broad range of input powers where the two orientation states are homogeneous (apart from small amplitude variations due to the Gaussian profile of the holding beam; radius w 0 1:9 mm at the 1=e 2 -point of intensity). In this range, the system is prepared in a state with negative polarization rotation and where the unstructured states are nearly equivalent ( 0 ). Then the polarized addressing beam is switched on by means of an acousto-optic modulator (AOM). It is positioned at the center of the holding beam and has a radius of 1:5 mm. Optical pumping locally creates a transition from the state with negative polarization rotation to the state with positive polarization rotation. A domain of one of the bistable unstructured states embedded into a background of the other state is thus created. If the addressing beam is switched off, coarsening dynamics sets in. The temporal evolution is analyzed by means of a video sampling technique [20] . The dynamic sequence is multiply repeated, and the point in time where the CCD camera is exposed is delayed in incremental steps (see Fig. 1 ). The insets in Fig. 2 show some sample frames of the time sequence [21] . Immediately after the addressing beam is turned off (t 0), the domain starts to contract preserving its circular shape. The circular domain shrinks to zero in a time period of 4 ms when the initial background state is recovered.
In the presence of a weak symmetry breaking, the dynamics of a circular domain of radius R is governed by [2, 22] 
The first term describes curvature-driven dynamics, while the second term describes the ''pressure-driven'' motion of domain boundaries induced by the imperfection of the symmetry-breaking bifurcation. For 0 i the dynamics is given by Rt R 2 0 ÿ 2 c t 1=2 , i.e., a t
1=2
power law. The experimental shrinking of a circular domain shown in Fig. 2 is described very well by curvaturedriven dynamics. This is also confirmed by numerical simulations of a microscopic model of the system [19] with the inclusion of the action of the =8-plate [10] . Numerical data obtained from this model agree very well with the experimental measurements (see the open circles in Fig. 2 ). Since the amplitude of the homogeneous orientation states has a weak dependence on the input power [10] , the background states are essentially flat and the Gaussian shape of the holding beam can be neglected. A variation of the rotation angle of the wave plate induces an imperfection in the pitchfork bifurcation with significant effects on the dynamics. By measuring contraction rates at different angles [23] , we have determined the dependence of the coefficients i and c on the angle both experimentally and numerically (see Fig. 3 ). If the domain is disfavored ( > 0), i is negative and the domain contracts faster. The case of equivalent states is recovered for 0 ( i 0), in agreement with the theory. For negative , i is positive and Eq. (1) predicts a critical radius R crit c = i of an unstable nucleation droplet. For R > R crit (R < R crit ) growth (contraction) of a circular domain is expected. This corresponds nicely to the experimental and numerical observations. Finally, the inset of Fig. 3 shows that c moderately increases with increasing rotation angles. This tendency is also present in the simulation although considerably less pronounced.
The dependence of the coefficient c on the input power is plotted in Fig. 4 . If the input power of the holding beam is increased, the dynamics is very well described in the framework of curvature-driven motion following Eq. up to an input power of approximately 150 mW [23] . Here, the data show scatter in the low power range, with overall a weak decrease of c with increasing P in as confirmed by the numerical simulations. Such weak dependence of c on P in provides further evidence that the intensity variation of the Gaussian holding beam does not influence the coarsening dynamics significantly.
Above an input power of 150 mW, there is a qualitative change in the dynamical behavior of the domains [23] . Figure 5 shows the temporal evolution of a domain at high input powers in an overlay of three sampling sequences at equal values of the parameters. While the monotonic decrease of the domain radius persists, the contraction curve shows a large amount of modulations and two main plateaus. The insets of Fig. 5 show images of the domains at the radii of the plateaus [21] . These structures display pronounced radial oscillations due to an incipient modulational instability at higher input powers. With increasing input power, larger spatial oscillations and a further slowing-down are observed until spatial solitons become stable. Hence the states at which the dynamics nearly stops are interpreted as precursors of the stable solitons due to locking of the fronts [14] .
As a result of the ring interactions a discrete family of solitons is observed in parameter regions where front velocities are low and locking is promoted by the appearance of pronounced spatial oscillations. The regions of soliton existence from the experiment and from a numerical Newton method are presented in Figs. 6(a) and 6(b) . In contrast to one-dimensional systems where the curvaturedriven dynamics is absent, the thresholds for the existence of each soliton are shifted towards negative and positive i where the imperfection of the pitchfork bifurcation tends to compensate for the curvature-driven contraction. Above the cusp thresholds, broad regions of soliton existence with large overlap and multistability are observed.
The interaction and locking of oscillatory tails of domain boundaries has often been considered to warrant the stabilization of domains in one-dimensional systems [1, 6] . Although the extension of such a locking phenomenon to two spatial dimensions is nontrivial, its main features can be captured phenomenologically by a modified equation for the radius dynamics. The interaction of two fronts separated by a distance d and due to their oscillatory tails leads to a force of the type fd g cosde ÿd [24] . It is therefore reasonable to model the evolution of the radius of a circular domain wall using the following ansatz:
where and are calculated from the real and imaginary parts of the eigenvalues of the most underdamped spatial modulations of the homogeneous solutions. corresponds to the wave number of the modulations, is the decay rate of the modulations and vanishes at the modulational instability point. For simplicity we assume a linear dependence of with the pump P 0 : / P=P c ÿ 1. For c we take a linear dependence with P 0 , which is a rough approximation of the experimental data shown in Fig. 4 . i is linear with (see Fig. 3 ). This simple eikonal equation qualitatively reproduces the bifurcation structure and region of existence in the parameter space of the dissipative solitons [see Fig. 6(c) ]. Strictly speaking, such equations should be valid only for large order localized structures where the radius is still much larger than the front width. However, the qualitative agreement is acceptable even for the second order dissipative solitons. An important difference of this discrete family of dissipative solitons with that of 1D systems is that for small asymmetries higher order dissipative solitons have lower thresholds than the fundamental one. In fact, the locking due to the oscillatory tails occurs now around the unstable nucleation radius R crit . When the pump is increased, the most favored localized solution is that one with the radius closest to R crit . The unstable nucleation radius R crit c = i is typically quite large, although it decreases with increasing asymmetry ( i ). The order of the first dissipative soliton to appear decreases, then, with increasing jj [see Fig. 6 (b) and 6(c)].
Summarizing, we have demonstrated and analyzed different regimes of growth laws in a 2D optical system with a pitchfork bifurcation and approaching a modulational instability. The measurements and analysis provide direct evidence for the stabilization mechanism for solitons in these systems proposed in [14] .
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